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We consider the inequality ut ≥ u− 12x · ∇u+ λu+ hx tup, for p > 1 λ ∈
, posed in N × +N ≥ 1. We show that, in certain growth conditions, there is
an absence of global weak solutions. © 2001 Academic Press
1. INTRODUCTION AND MAIN RESULT
In this note, we consider the initial boundary value problem
ut ≥ u− 12x · ∇u+ λu x t ∈ N+1+ = N0+∞+hx tup
ux 0 = u0x x ∈ N
(1.1)
where N ≥ 1 λ ∈  is a real parameter and p > 1. The function h ≡ 0
is a positive and satisﬁes some growth condition at inﬁnity (that will be
speciﬁed later).
In the case where λ = − 1
p−1 and h ≡ 1 the equation
ut = u− 12x · ∇u−
1
p− 1u+ u
p−1u (1.2)
arises in the study of self-similar solutions of the semilinear equation [5, 6]
wt = w + wp−1w in N+1+  (1.3)
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It is well known than if w satisﬁes (1.3), then the function
ux t = T − sβwy s
with
y = T − t1/2x T − s = e−t  β = 1
p− 1 
solves Eq. (1.2).
For 1 < p < N+2
N−2 or N ≤ 2, there exist global solutions to (1.2)
converging to 0 or ± 1
p−11/p−1, as t goes to inﬁnity [5, 6]. The limit is
independent of x, and it is uniform on each compact set x ≤ C.
The stationary equation
u− 12x · ∇u−
1
p− 1u+ u
p−1u = 0 in N (1.4)
was studied in [5, 16]. It is shown that the only bounded solutions of (1.4)
are the three constant solutions
u = 0 and u = ±
(
1
p− 1
)1/p−1

In [9] it was mentioned that ux = αxλ satisﬁes (1.4) in N\0, where
λ = − 1
p− 1 
α =
{
2
p− 1
(
N − 2p
p− 1
)}1/p−1
and p >
N
N − 2 
Our intention here is to present a nonglobal result to inequality (1.1),
with a given positive initial condition u0.
We assume that the function h ≥ 0 is continuous and satisﬁes the follow-
ing. For any compact  ⊂ N+1+ , there exists a real (depending on ) l > 0
such that
lim inf
R→+∞
hxR tR
Rl
≥ C > 0 (1.5)
uniformly in . Condition (1.5) asserts in particular that the function h
is not bounded. In fact if h∞ is ﬁnite it is easy to see that u ≡ C
is a positive global solution to (1.1) provided that λ < 0 and 0 ≤ C ≤
−λ1/p−1h1/1−p∞ .
Let K be the weight function deﬁned by
Kx = e−x2/4
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we say that u is a weak solution to (1.1) if u is locally integrable such that
u ∈ LplocN+1+ Kxdxdt
and satisﬁes∫
N
Kux 0ζx 0dx+
∫
N+1+
Khupζdxdt ≤ 12
∫
N+1+
Ku x · ∇ζdxdt
−
∫
N+1+
Kuζdxdt −
∫
N+1+
Kuζtdxdt − λ
∫
N+1+
Kuζdxdt (1.6)
for any positive ζ ∈ C∞c N+1+ .
The main results are these:
Theorem 1.1. Let p > 1 and λ < 0. Assume that condition (1.5) is
satisﬁed. Then Problem (1.1) has no global nontrivial weak solution u such
that ∫
N
Kux 0dx ≥ 0
Theorem 1.2. Let λ ≥ 0. Assume that condition (1.5) is satisﬁed where
1 < p ≤ 1+ l (1.7)
Then the only global weak positive solution, u, such that∫
N
Kux 0dx ≥ 0
is the trivial solution u = 0.
The technique we use was introduced by Mitidieri and Pohozaev [14, 15],
Pohozaev and Tesei [17], and Pohozaev and Veron [18].
2. PROOFS
The method is based on a suitable choice of the test function. First we
give the proof of Theorem 1.1. We assume that Problem (1.1) has a global
nontrivial weak solution, say u. Let ζ be a smooth nonnegative test function
such that ∫
N+1+
ζt p′
ζp
′−1 dxdt +
∫
N+1+
ζp′
ζp
′−1 dxdt
+
∫
N+1+
∇ζp′
ζp
′−1 dxdt <∞
1
p
+ 1
p′
= 1 (2.1)
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We take eλtζ as the test function and we get∫
N
Kux 0ζx 0dx
+
∫
N+1+
Khupζeλtdxdt ≤ 12
∫
N+1+
Kux · ∇ζeλtdxdt
−
∫
N+1+
Kuζeλtdxdt +
∫
N+1+
Kuζte
λtdxdt (2.2)
Setting
v = eλtu
we deduce from (2.2)∫
N+1+
Khvpζe−p−1λtdxdt ≤
∫
N+1+
Kvx · ∇ζdxdt +
∫
N+1+
Kvζdxdt
+
∫
N+1+
Kvζt dxdt (2.3)
Next, we estimate the term∫
N+1+
e−p−1λthKvpζdxdt
First the integral ∫
N+1+
Kvζt dxdt
can be rewritten as∫
N+1+
Kvζt dxdt =
∫
N+1+
Kvζt hζ
1
p e−λp−1/pthζ− 1p eλp−1/ptdxdt
Now by applying the Young inequality, we deduce for any ε > 0,∫
N+1+
Kvζt dxdt ≤ ε
∫
N+1+
e−p−1λthKvpζdxdt
+Cε
∫
N+1+
Kζt p
′ hζ1−p′eλtdxdt
Similarly we have∫
N+1+
Kvζdxdt ≤ ε
∫
N+1+
e−p−1λthKvpζdxdt
+Cε
∫
N+1+
Kζp′ hζ1−p′eλtdxdt
718 note
and ∫
N+1+
Kvx∇ζdxdt ≤ ε
∫
N+1+
e−p−1λthKvpζdxdt
+Cε
∫
N+1+
Kx · ∇ζp′ hζ1−p′eλtdxdt
Therefore∫
N+1+
e−p−1λthKvpζdxdt ≤ C1
∫
N+1+
Kζt p
′ hζ1−p′eλtdxdt
+C2
∫
N+1+
Kζp′ hζ1−p′eλtdxdt
+C3
∫
N+1+
Kx · ∇ζp′ hζ1−p′eλtdxdt (2.4)
for some nonnegative constants C1 C2, and C3.
Next we consider φ ∈ C∞c +, satisfying
φr =
{
1 if r ≤ 1,
0 if r ≥ 2,
and
0 ≤ φ ≤ 1
and take
ζx t = φγ
(
t2 + x2
R2
)
 R > 0
where the parameter γ is chosen sufﬁciently large such that (2.1) holds. We
change variables
τ = tR−1 y = xR−1
and we also set
 = {y τ ∈ N+1+  1 ≤ τ2 + y2 ≤ 2}
Using the facts that
ζt = R−1ζτ xζ = R−2yζ
and
x · ∇xζ = y · ∇y · ζ
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we deduce, from (2.4)∫
N+1+
Khvpζe−λp−1tdxdt ≤ C1Rs1FL∞
∫

ζτp
′
ζ1−p
′
dydτ
+C2Rs2FL∞
∫

yζp
′
ζ1−p
′
dydτ
+C3Rs3FL∞
∫

∇yζp
′
ζ1−p
′
dydτ (2.5)
where
Fy τ = e−R2/4y2+λRτ
s1 = N + 1+ l1− p′ − p′ s2 = N + 1+ l1− p′ − 2p′
and
s3 = N + 1+ l1− p′
On the other hand, it is easily shown that, for any a ∈ 0 1 F satisﬁes
the following estimate in ,
Fy τ ≤
{
e−R
2/41−a2 if τ < a,
eλRa if τ ≥ a, (2.6)
and then
FL∞ ≤ max
{
e−R
2/41−a2 eλRa
}
 (2.7)
Using this we deduce that the right-hand side of (2.5) goes to 0 as R tends
to inﬁnity, while the left-hand side converges to∫
N+1+
Kvpheλp−1tdxdt
This implies that if v exists necessarily v = 0 and then u = 0. To ﬁnish the
proof we shall show that (2.1) holds. A routine calculation shows that
ζp′
ζp
′−1 ≤ c1φγ−2p
′−γp′−1φ′2p′ + c2φγ−1p
′−γp′−1φ′′p′
ζt p′
ζp
′−1 ≤ c3φγ−1p
′−γp′−1φ′p′
and
∇ζp′
ζp
′−1 ≤ c4φγ−p
′ φ′p′ 
Therefore with the choice of γ ≥ 2p′ we arrive at desired estimates. This
ends the proof of the ﬁrst theorem.
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Now we give the proof of Theorem 1.2. Without loss of generality we
may assume that λ = 0 (and then u ≡ v). We return to inequality (2.4). As
in the previous theorem we use the same test function to deduce∫
N+1+
Khupζdxdt ≤ CRs1 + Rs2 + Rs3
∫

e−R
2/4y2dydτ (2.8)
where
s2 = s3 − 2p′ < s1 = s3 − p′ < s3 = N + 1+ l1− p′
Therefore ∫
N+1+
Khupζdxdt ≤ CRs¯1 + Rs¯2 + Rs¯3 (2.9)
where s¯i = si −N ≤ 0 i = 1 2 3.
If s¯3 < 0, then the right-hand side of (2.9) goes to 0 when R goes to
inﬁnity, while the left-hand side converges to
∫
N+1+
Khupdxdt, and then
u = 0.
If s¯3 = 0 then
∫
N+1+
Khupζdxdt < +∞. In this case we use Ho¨lder
inequality to deduce from (2.3)∫
N+1+
Khupζdxdt ≤ C1R−1
[ ∫
R
Khupζdxdt
]1/p
×
[ ∫
1
Kζt p
′ hζ1−p′dydτ
]1/p′
+C2R−2
[ ∫
R
Khupζdxdt
]1/p
×
[ ∫
1
Kζp′ hζ1−p′dydτ
]1/p′
+C3
[ ∫
R
Khupζdxdt
]1/p
×
[ ∫
1
Kx · ∇ζp′ hζ1−p′dydτ
]1/p′

by using the fact that s¯3 = 0, where
R =
{
y τ ∈ N+1+  R2 ≤ τ2 + y2 ≤ 2R2
}

Since
∫
N+1+
Khupζdxdt < ∞ limR→∞
∫
R
Khupζdxdt = 0 and the
latter inequality asserts that∫
N+1+
Khupdxdt = 0
Therefore u = 0. This ends the proof.
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Remark 2.1. A similar result can be obtained for the problem
ut ≥ u− ∇g · ∇u+ λu+ hup + f x t
in which the function f is locally integrable and the function g ∈ C1N
is positive and satisﬁes
lim
R→∞
RN+1
∫
xt∈N+1+ 1≤t2+x2≤2
e−gRx+λRtf−x · R t · Rdxdt = 0
where
f− = max0−f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